Abstract. By using two known transformation formulas for basic hypergeometric series, we establish a direct extension of Bailey's 6 ψ 6 -series identity. Subsequently, it and Milne's identity are employed to drive multi-variable generalizations of Ramanujan's reciprocity formula. Then we utilize also Milne's identity to deduce a multi-variable generalization of the Askey-Wilson integral.
Introduction
For two complex numbers q and x, define the q-shifted factorial by (1 − xq k ) with |q| < 1.
For simplifying the expressions, we shall use the following compact notations:
(a, b, · · · , c; q)n = (a; q)n(b; q)n · · · (c; q)n, Following Gasper and Rahman [12] , define the unilateral basic hypergeometric series and bilateral basic hypergeometric series, respectively, by 
provided |qa 2 /bcde| < 1.
In his lost notebook [26, p. 40] , Ramanujan recorded the beautiful reciprocity formula:
where the symbol "idem(x, y)" after an expression means that the preceding expression is repeated with x and y interchanged.
The first published proof of (3) is given by Andrews [2] . Other proofs can be found in [1, 6, 8, 16, 27] . In the same paper, Andrews established the four-variable generalization of (3):
provided max{|d/a|, |d/b|} < 1. Different proofs of this identity can be seen in [15, 17] . The equivalent form of (4) due to Kang [15, Theorem 1.2] reads as
The five-variable generalization of (3) due to Ma [19, Theorem 1.3 ] (see also [10, Theorem 5] ) can be expressed as 
provided |cde/qab| < 1. The equivalent form of (5) Define the h-function by
For simplifying the expressions, we shall use the following compact notation: 
provided |abcd/q| < 1. All kinds of proofs of this integral can be seen in [4, 9, 11, 13, 14, 18, 22] . We refer to [21, 23, 24, 25, 28] for its extensions. 
where λ = qa 2 /bcd and max{|qa/ef |, |λq/ef |} < 1. Then we have
qag/def,ag/def, −q qag/def, qa/de, qa/df, qa/ef, bg/a, cg/a qag/def , − qag/def , qg/f, qg/e, qg/d, q 2 a 2 /bdef, q 2 a 2 /cdef q; qa bc .
Substituting the last two relations into the transformation formula from a 8 ψ 8 -series to two 8 φ 7 -series (cf. [12, Equation (5.6.1)]):
2 a 3 /bcdef g| < 1, we obtain Lemma 1 to complete the proof.
When g = aq/e, Lemma 1 reduces to (2) under the replacement f → e exactly. 
Proof. Splitting the 8 ψ 8 -series in Lemma 1 into two parts, we get
Combining the last relation with Lemma 1 and then replacing respectively the parameters a, b, c, d, e, f, g by qa/b, −q/b, −qa/c, −qa/d, −qa/e, −qa/f, −qa/g, we derive, after some routine simplification, Theorem 2 to finish the proof.
Corollary 3. For |cde/abq n+1 | < 1, there holds the seven-variable generalization of Ramanujan's reciprocity formula: d/eq n , − d/eq n , qf /e, d/q n , q 1−n ab/ef, cd/abq n , qd/e q; c .
According to (1) , there holds the relation:
Combing (7) with the last equation, we achieve Corollary 3 to complete the proof.
When g = ab/e, Theorem 2 reduces to (5) under the replacement f → e. When n = 0, Corollary 3 also reduces to (5) .
2 , g → bf /xy 2 in Theorem 2 and appealing to the relation:
we obtain the following transformation formula. (e, qe/xy 2 ; q) n (e/y, e/xy; q) n+1 4 φ 3 q −n , q/b, q/c, q/d q 1−n /e, qe/xy 2 , q 2 xy 2 /bcd q; q .
When n = 0, Corollary 5 also reduces to [10, Theorem 9] .
A nontrivial extension of (2) due to Milne [20, Theorem 1.7] can be stated as follows.
Lemma 6. For x ι y ι = q 1+Nι a and |q 1−N a 2 /bcde| < 1 with N ι ∈ N 0 and N = n ι=1 N ι , there holds the bilateral series identity: Proof. Splitting the 2n+6 ψ 2n+6 -series in Lemma 6 into two parts, we attain
qa/b, qa/c, qa/d, qa/e, {qa/x ι , qa/y ι } n ι=1
qb/a, qc/a, qd/a, qe/a, {qx ι /a, qy ι /a} n ι=1
Combining the last relation with Lemma 6 and then replacing respectively the parameters a, b, c, d, e, {x ι , y ι } n ι=1 by qa/b, −q/b, −qa/c, −qa/d, −qa/e, {−qa/x ι , −qa/y ι } n ι=1 , we achieve Theorem 7 to complete the proof.
When n = 0, Theorem 7 reduces to (5). When n = 1, Theorem 7 reduces to Corollary 3 under the replacement x 1 → f, N 1 → n.
Employing the substitutions
in Theorem 7 and using (8), we obtain the following transformation formula.
Theorem 8. For xy
2 /x ι y ι = q Nι and |bcd/xy 2 q N +1 | < 1 with N ι ∈ N 0 and N = n ι=1 N ι , there holds the multi-variable generalization of Jacobi's triple product identity and the quintuple product identity: 
where 
Proof. Performing the replacements
in Lemma 6 and then multiplying across that equation by
provided u ι /v ι = q Nι and |abcd/q N +1 | < 1. The expression on the left hand side of (9) can be reformulated as
qaz, qbz, qcz, qdz, {qz/u ι , qzv ι } n ι=1 
Therefore f (z) is regular within 0 < |z| < ∞ and can be expanded into a laurent series at z = 0. Letting z = e iθ in (10) with θ ∈ R and then integrating f (z) over −π ≤ θ ≤ π, it is not difficult to see that Instead, we derive from the expression on the right hand side of (9) that Equating the last two equations, we attain Theorem 8 to finish the proof.
When n = 0, Theorem 9 reduces to (6) exactly.
Taking n = 1 in Theorem 9, we achieve the interesting result under the replacement v 1 → u, N 1 → n. 
